In this paper we introduce a lemma. This lemma states that for a unitary covariant channel Ψ and a channel M such that M (ρ 0 ) is of rank one for some state ρ 0 ∈ S(H) the additivity of the minimal output entropy of Ψ implies that of Ψ • M , and the multiplicativity of the maximal output p-norm of Ψ, that of Ψ • M . For the product channel of the depolarising channel and an arbitrary channel the additivity of the minimal output entropy, the multiplicativity of the maximal output p-norm for p ∈ [0, ∞] and the additivity of the Holevo capacity are established [1], [2] . Applying the lemma to these results we produce a new class of memoryless quantum channels for which the additivity of the minimal output entropy and the multiplicativity of the maximal output p-norm hold. This class of channels are defined as a linear combination of a channel M satisfying the above property and the completely noisy channel:
Introduction

Basic definitions and facts
A quantum state (a state) is represented as a positive semidefinite operator ρ of trace one in a Hilbert space H of dimension d; this is called a density operator. The set of density operators in H is written as S(H). A (memoryless) channel Φ on H is a completely positive trace-preserving (CPTP) map acting on the algebra of operators in H. where S is the von Neumann entropy: S(ρ) = −tr[ρ log ρ].
2) The maximal output p-norm of Φ is defined as
where is the (trace) p-norm: ρ p = (tr|ρ| p ) 1 p . Note that d dp p=1 ρ p = −S(ρ), d dp p=1 ν p (Φ) = −S min (Φ).
(1.3)
3) The Holevo capacity of Φ is defined as χ(Φ) := sup
where {p i , ρ i } stands for a (finite) ensemble of states ({p i } is a probability distribution and {ρ i } ⊂ S(H)). The Holevo capacity admits the following representation (the OPWSW representation) [6] , [7] : 5) where S(ρ||σ) = tr[ρ(log ρ − log σ)] = −S(ρ) − tr[ρ log σ] is the relative entropy of two states ρ and σ.
Definition 2 1) A channel Φ is unitary covariant if for any unitary operator U there exists a unitary operator V such that
2) Take a compact group G and a continuous unitary representation
A channel Φ is covariant with respect to the representation if
for ∀g ∈ G and ∀ρ ∈ S(H).
3) A channel Φ is irreducibly covariant if Φ is covariant with respect to an irreducible representation.
Remark. Suppose a channel Φ is irreducibly covariant then Φ is unital and we have the formula [8] , [9] :
(1.6)
Conjectures and our results
The following three conjectures attracted attention in recent years.
1) The additivity conjecture of the MOE is that for channels Φ and Ω
Note that the bound
2) The multiplicativity conjecture of the maximal output p-norm is that for channels Φ and Ω there exists ǫ > 0 such that
The multiplicativity conjecture is connected with that of additivity of the MOE. If multiplicativity holds then taking the derivative at p = 1 we get additivity of the MOE.
3) The additivity conjecture of the Holevo capacity is that for channels Φ and Ω
(1.9)
Note that the bound χ(Φ ⊗ Ω) ≥ χ(Φ) + χ(Ω) is straightforward. In particular if we prove
for ∀n ∈ N, then we can identify the classical information capacity C(Φ):
For irreducibly covariant channels, the additivity of the MOE and the additivity of the Holevo capacity are equivalent.
The variety of channels for which either of the above properties have been proved is rather limited and includes unital qubit channels [10] , entanglement-breaking channels [11] , depolarising channels [1] [2], Werner-Holevo channels [12] , [13] , [14] and their modifications [3] , [15] , [16] .
In section 2 we introduce a lemma. This lemma states that for a unitary covariant channel Ψ and a channel M such that M(ρ 0 ) is of rank one for some state ρ 0 ∈ S(H) the additivity of the MOE of Ψ implies that of Ψ • M, and the multiplicativity of the maximal output p-norm of Ψ, that of Ψ • M.
In section 3 we produce new classes of channels for which either the additivity of the MOE or the mulpiplicativity of the maximal output p-norm holds. One of these classes is very interesting because it includes the shifted depolarising channel. This class of channels are defined as a linear combination of a channel M having the above property and a completely noisy channel:
is the dimension of the signal Hilbert space H and I is the identity operator. This class of channels is influenced by [3] . Our result is that for the product channel of a channel Φ from this class and an arbitrary channel Ω we establish the additivity of the MOE and the multiplicativity of the maximal output p-norm for
In section 4 we mention the additivity of the Holevo capacity for the above class of channels under an additional condition that M is irreducibly covariant.
The Lemma
Lemma. Suppose we have two channels on H: a unitary covariant channel Ψ and a channel M such that M(ρ 0 ) is of rank one for some state ρ 0 ∈ S(H). Take another Hilbert space K and a channel Ω on
Proof. First calculate the maximal output p-norm of Ψ • M.
Note that since channel Ψ is unitary covariant the maximal output p-norm of Ψ is attained at any state of rank one. On the other hand, M(S(H)), the image of M, has such a state M(ρ 0 ) for some ρ 0 ∈ S(H). This verifies the above equality.
Next, take any stateρ ∈ S(H ⊗ K) then
Therefore we have
Similarly, for any stateρ ∈ S(H ⊗ K)
Hence we have
Lemma has been proved.
Remark. The conditions on Ψ and M are not necessary if we verify that a maximiser of Ψ(ρ) p (or a minimiser of S(Ψ(ρ))) coincides an output of M.
Applications
We apply Lemma in section 2 to the known results and produce new classes of channels for which either the additivity of the MOE or the multiplicativity of the maximal output p-norm holds.
Example 1. The depolarising channel is defined by
is the dimension of the signal Hilbert space H and I is the identity operator. The additivity of the MOE and the multiplicativiry of the maximal output p-norm for p ∈ [0, ∞] are established for the product channel of the depolarising channel and an arbitrary channel [1] , [2] . Take a channel M having the property in Lemma and define a class of channels in the form:
where λ ∈ − 1 d 2 − 1 , 1 . Since the depolarising channel is unitary covariant the additivity of the MOE and the multiplicativiry of the maximal output p-norm for p ∈ [0, ∞] hold for the product channel of a channel from this class and an arbitrary channel. The shifted depolarising channel is defined by
Here |φ φ| is a fixed state of rank one and a + b + c = 1. The multiplicativity of the maximal output p-norm for p = 2 was proved for the shifted depolarising channel [4] , [5] . To see that this channel belongs to the above class define a channel M by
and set
Note that M has an output of rank one: M(|φ φ|) = |φ φ|. So we have established the additivity of the MOE and the multiplicativity of the maximal output p-norm for p ∈ [1, ∞] for the product channel of the shifted depolarising channel and an arbitrary channel.
Example 2. The transpose depolarising channel is defined by
, T is the transpose, d is the dimension of the signal Hilbert space H and I is the identity operator. The additivity of the MOE for the product channel of these two channels is proved [15] , [16] . Take a channle M having the above property again and define:
. Since the transpose depolarising channel is unitary covariant the additivity of the MOE holds.
Remark. A class of channels which satisfy the hypotheses in Lemma have been studied by N. Datta and M.B. Ruskai who independently established additivity for this class [17] .
Additivity of the Holevo capacity
In section 3 we produced the class of channels defined in the form (3.2):
Here λ ∈ − 1 d 2 − 1 , 1 and channel M has the property in Lemma. We claim that if M is irreducibly covariant (hence so is Φ) as well the additivity of the Holevo capacity holds for the product channel of a channel from this class and an arbitrary channel. It can be proved by extending the method by C. King [1] .
First, the phase-damping channel can be written by
in H. We say Ψ λ is uniform in basis B if the co-ordinate representations of |v i in basis B are
. . .
We extend Lemma 8 in [1] by using this definition. For a fixed basis B the channel Φ can be written as a convex combination of triple compositions:
Here N ∈ N, coefficients c k > 0,
λ are phase-damping channels which are uniform in basis B.
Next, fixρ ∈ S(H⊗K) and letσ = (M ⊗1 K )ρ. For any Ψ λ ∈ {Ψ
the derivative at p = 1 of the inequality (34) in [1] gives
Here σ 
Suppose σ Ω achieves the infimum in the OPWSW representation (1.5) of Ω. We calculate
tr Ω(dσ
Note that each dσ 
This inequality holds for ∀ρ ∈ S(H ⊗ K) and ∀Ψ λ ∈ {Ψ Note that the decomposition {c k , U k , Ψ
λ } N k=1 depends onρ. The claim has been verified.
Conclusion
The decomposition Ψ • M in Lemma is interesting. We can put nice structures into Ψ and the rest M to decompose some channels. From another perspective, for a fixed unitary covariant channel Ψ, {Ψ • M} M form a subset of quantum channels. Then we only have to verify the additivity of the MOE (or the multiplicativity of the maximal output p-norm) for Ψ to prove the additivity (or the multiplicativity) for all channels in the subset. I hope the lemma produce other classes of channels for which either the additivity or the multiplicativity holds.
